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Abstract 
Conforti, M. and M.R. Rao, Articulation sets in linear perfect matrices II: the wheel theorem 
and clique articulations, Discrete Mathematics 110 (1992) 81-118. 
The main result in this second part is the following: A graph whose clique-node incidence 
matrix is linear, perfect but not balanced contains a clique-articulation. This result, together 
with those previously obtained by the authors, characterizes disconnecting sets of nodes in 
perfect graphs whose clique-node matrix is linear. 
Introduction 
This paper immediately follows [l] and extends the results contained in it. For 
the sake of clarity and conciseness we will number our paragraphs consecutively 
with the numbering of the paragraphs in [l]. Hence results referenced with the 
first index between 1 and 5 are to be found in [l]. 
Furthermore, for an exposition of the results contained here, we refer to the 
second chapter of [ 11. 
6. Odd cycles and starred wheels 
In this section, we show that a path connecting the two even holes of a node- 
minimal odd cycle, defined in Section 4, induces a starred wheel, defined in Section 3. 
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while the authors were visiting IASI, Rome, in June 1986. 
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Let G be a linear perfect graph containing a node-minimal odd cycle C with 
only one chord (u, 2r), where u E V+. Suppose C, and C2 are the two even holes, 
with at least eight nodes, formed by the chord (u, V) with C. Let nodes a and b (c 
and d) be the neighbors of u (v) in C. Suppose a, c E Cr. Then b, d E C2. 
Definition 6.1. A chordless path P from s E Cr\{u, 21, c} to t E &\{u, r~, d} is 
defined to be a minimal path if it satisfies the following conditions: 
(i) No intermediate node of P is in C U N(v). 
(ii) Let N(P) be the set of nodes in C\{s, t} adjacent to intermediate nodes of 
P. Then N(P) c {u, c, d}. 
(iii) No node in V- is strongly adjacent to P. 
Note that since P is a chordless path, s (t) can be adjacent to only one 
intermediate node, say x (y), of P. Since C is a node-minimal odd cycle, x (y) 
can not be adjacent to any node other than s (t) in C. Note that if there exists a 
path connecting Cr\{u, Z.J, c} to C2\{u, u, d} and not containing a node in N(v), 
then a shortest such path is a minimal path as in Definition 6.1. 
Theorem 6.1. Let G be a linear perfect graph containing a node-minimal odd 
cycle C. Suppose there exists a minimal path P, as in Definition 6.1. The subgraph 
of G, induced by the nodes in C U P contains a starred wheel (Cl, u) with node u 
as the hub and nodes c and d as star nodes where c and d are the neighbors of node 
v in C. The starred wheel (Cl, u) has an even number of sectors and the chords of 
C’ satisfy Theorem 3.2. Furthermore, the cardinal@ of the set of c-chords 
(d-chords) in S1 (&) . 1s even if and only if the end node s (t) of P is non-adjacent to 
c (d). 
Proof. First we show that P must contain a node in N(u). Since P is a minimal 
path not containing any node in N(v), by Remark 4.1, if P does not contain a 
node in N(u), the subgraph induced by the nodes in C U P contains an odd hole. 
But this odd hole must be an imperfect odd hole since no node in V- is strongly 
adjacent to the cycle C or to the path P. Consequently, P must contain a node in 
N(u), see Fig. 1. Let Q, and Q2 be the cs and td-subpaths, not containing v, of 
Cr and C2 respectively. Consider the cycle C’ = s, P,t, Q*,d,v,c, Q,,s. Then 
(C’, u) is a wheel since u has at least two neighbors in C’. Let St, i = 1, 2, . . . , n 
be the sectors of (C’, u), where S, and S,, are the sectors containing nodes c and d 
respectively. Since C’ is a starred cycle with c, d as star nodes, condition (a) of 
Definition 3.2 is obviously satisfied. Hence, in order to show that (C’, u) is a 
starred wheel, it is enough to show that the set of d-chords (c-chords) having one 
end node in S, (S,) is of even parity. Ifs = a (t = b), clearly there are no d-chords 
(c-chords) in S, (S,). Suppose s #a (t # b). Let R be the su-subpath of C, not 
containing node v. Suppose u1 is an end node of S,. Let RI be the su,-subpath of 
Sr. Consider the cycle C=s,R,u,u,,RI,s. Now (C, v, d) and (C, v,c) are 
Articulation sets II 83 
Fig. 1. 
expanded cycles. Now consider a node w E V- that is strongly adjacent to C. 
Since C is a node minimal odd cycle and P is a minimal path, it follows that w 
must have exactly two neighbors in C, one of them being in R and the other in 
RI. But then w can not be adjacent to c or d since C is a node minimal odd cycle. 
Hence by Lemma 3.1 and Remark 3.2, lTdl and lTcl are even, where Td (T,) is the 
set of edges joining a node of C and node d (c). This implies that the set of 
d-chords having one end in S, is of even parity. A similar proof shows that the set 
of c-chords having one end in S, is of even parity. Consequently, condition (b) of 
Definition 3.2 is satisfied and it follows that (C’, U) is a starred wheel. By 
Theorem 3.3, it follows that (C’, U) has an even number of sectors and the chords 
of C’ satisfy Theorem 3.2. Now there exists one edge (s, c) connecting node s of 
C to node c if and only ifs and c are adjacent in C. Similarly, noting that (t, d) is 
an edge if and only if t and d are adjacent in C, the latter part of the theorem 
follows. 0 
7. Parachutes and star cutsets 
In this section, we first define a parachute. We then prove that a linear perfect 
graph G has a star cutset if it contains a parachute. 
Definition 7.1. A parachute (R,, R,, R3, T, v) is defined by 4 chordless paths 
R,=s,. . . , v,,v; RZ=s,. . . ,v2, R3=s,. . . ,v3 and T=v2,. . . ,v3 with 
distinct intermediate nodes. The paths RI, R2 and R3 all of length at least 2 
and T of length at least 6. Nodes v2 and v3 are adjacent to v. Furthermore the 
only edges are those described above, namely (v, v,), (v, v3) and the edges of 
RI, R,, R3 and T, see Fig. 2. 
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Fig. 2. 
Theorem 7.1. Let G be a linear perfect graph containing a parachute 
(R,, R2, Rj, T, v) with v E V-. Suppose no node in V- is strongly adjacent to the 
parachute. Furthermore, a node in V+\N(v) that is strongly adjacent to the 
parachute has exactly two neighbors, one in R,\(s) and the other in either R2\{s} 
or R3\{s}. Then N(v) is an articulation set of G. 
Proof. Let P be a shortest path connecting any node in RI UR2UR3\ 
1 v, 2111 212, v3} and any node in T\{v,, v3} and not containing any node in N(v). 
Suppose P is from x E R, U R2 U R3\{v, vi, v2, v3} to y E T\{v,, v3}. Let T2 and 
Tj be the yv2 and yv,-subpaths of T. There are 2 cases to consider. 
Case 1: x E R,\{v, v,}, see Fig. 3. 
i R. 
Fig. 3(a). Fig. 3(b). 
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Let Q, and Q2 be the u,x and xs-subpaths of RI. Let e be the neighbor of x in 
P. There are now two subcases. 
Subcase 1: e is not strongly adjacent to the parachute. 
Consider the cycle C = s, R2,v2, T,u3,v,R,,s and the subgraph G’, of G, 
induced by the nodes C U P. Clearly in G, C is a node-minimal odd cycle with 
(v, v2) as the only chord. Let p be the node set of G. Let P- = {U E V- fl P}. 
Now a node in V-\P- can have at most two neighbors in G since no node in V- 
is strongly adjacent to the parachute and P is a shortest path. Now since G is 
perfect, we must have that G is perfect. Let C, and Cz be the two even holes 
formed by the cycle C and the chord (v, vJ. Now in G‘, P is a path satisfying 
Definition 6.1. Consider the cycle C* = v,v,,Q,,~,P,y,7;,v~,v. Applying 
Theorem 6.1 to G, it follows that (C*, v2) is a starred wheel with v, and vj as the 
star nodes. Consequently by the same theorem, v2 must have an odd number of 
neighbors in P. Now consider the starred cycle c =x,QZ,s,R,,v,, T3,y,P,x 
with v3 as the star node. Now (c, v, v2) is an expanded cycle with star node v3. 
Since v2 has an odd number of neighbors in e, by Lemma 3.1 it follows that 
(e, v, vz) contains an odd hole H. All the nodes strongly adjacent to the 
parachute are contained in Vf. Moreover v E V- can have at most two neighbors 
in If since P does not contain any node in N(v). Consequently, ff must be an 
imperfect odd hole which is a contradiction. 
Subcase 2: e is strongly adjacent to the parachute, see Fig. 3(b). 
Let e,, be the neighbor of e in the parachute. Note that x fs, since by 
assumption, a node strongly adjacent to the parachute, has one neighbor in 
R,\(s) and the other in either R*\(S) or Rx\(s). Because of symmetry, we can 
assume, without loss of generality, that e, E R2\{s}. Consider the cycle C = s, R3, 
vj,T,v2,v,R,,s and the subgraph, G’, of G, induced by the nodes in C U P. As 
in Subcase 1, it follows that G is a perfect graph and the cycle C with (v, v3) as 
the only chord is a node-minimal odd cycle in G. Now consider the cycle C* = v, 
vl,Q,,x,P,y,Tz,v,,v. Applying Theorem 6.1 to G’, it follows that (C*, v3) is a 
starred wheel with v, and v2 as the star nodes. Consequently v3 must have an 
odd number of neighbors in P. Let F be the e,v,-subpath of R2 and P, be the 
ey-subpath of P. Consider the starred cycle c = e,e,,F,v2,T2,y,P,,e with v2 
as the star node. Now (e, v, vg) is an expanded cycle with star node v2. Since v3 
has an odd number of neighbors in P, it follows that v3 has an odd number of 
neighbors in P, and hence in c. By Lemma 3.1 we have that (c’, v, vj) contains 
an imperfect odd hole, which is a contradiction. 
Case 2: x E R,\{v,} or x E R,\{v,}. 
Because of symmetry, we can assume without loss of generality that x E R2\ 
{v2}. Let e be the neighbor of x in P. If e is strongly adjacent to the parachute, 
we have Case 1, Subcase 2. So we can assume that e is not strongly adjacent to 
the parachute. Now as in Case 1, Subcase 1, consider the cycle C = s, R2,v2, T, 
v3,v,RI ,s and the subgraph G;, of G, induced by the nodes in C U P. As in 
Case 1, Subcase 1, it follows that G is a perfect graph and the cycle C with (v, v,) 
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as the only chord is a node-minimal odd cycle in C?. Now let Q, and Q2 be the 
v2x and xs-subpaths of R2. Consider the cycle C* = v,R,,s,Q,,x,P,y,T,,v,,v. 
Applying Theorem 6.1 to e it follows that (C*, v2) is a starred wheel and v2 
must have an odd number of neighbors in P. Now consider the starred cycle 
~=~,Q~,s,R~,v~,;l;,y,P,x. As in Case 1, Subcase 1, it follows that (C, v, v2) 
is an expanded cycle containing an imperfect odd hole. Thus the theorem 
follows. 0 
8. Chordless wheels and star cut sets 
In this section we consider chordless wheels (C, v) with k 2 3 rays and v E V- 
(see Section 3.3 for the definition of a chordless wheel). Let A = {i E V\ 
N(v) 1 node i is strongly adjacent to C}. We prove that given a chordless wheel 
(C, v) with A = $I, either N(v) is a star cut set or there exists a chordless wheel 
(C*, v) with the number of rays k* < k, k” 2 3. We then consider a chordless 
wheel (C, v) with A 5 V+ and study the properties of nodes in A. The main 
result of this section, Theorem 8.3, is that if A c V+, either N(v) is an 
articulation set of the linear perfect graph or there exists a chordless wheel 
(C*, v) with three rays. 
Lemma 8.1. Let G be a linear perfect graph containing a chordless wheel (C, v) 
with at least three rays and v E V-. Suppose every node u E V-, u # v, has at most 
two neighbors in C. Then G contains a chordless wheel (C*, v) which has the same 
number of rays as (C, v) but every node in V-\(v) is not strongly adjacent to C*. 
Moreover lC*l S ICI. 
Proof. Consider a node u E V- such that u is strongly adjacent to C. If no such 
node exists, then C* = C and the lemma follows. Suppose such a node u exists. 
Now we obtain a chordless wheel (C, v) which has the same number of rays as 
(C, v) but C is of smaller cardinality than C and every node in V-\{v} has at 
most two neighbors in C. We have two cases to consider. 
Case 1: Node u is not a neighbor of C II N(v). 
Suppose u, and u2 are the neighbors of u in Si and Sj respectively. We first show 
that i = j. Suppose i #j. Let vi and vi+i (vi and v,,,) be the end nodes of Si (Sj). 
Without loss of generality we assume that vi #vi, vi+,. Note that each sector of 
(C, v) is of length 2 mod 4 since every node in V-\{v} has at most two neighbors 
in C. Let Q be the u,v,-subpath of Si. Let PI and P2 be the uzvj and 
u,vj+,-subpaths of 5” respectively. Note that either PI or P2 is of length 0 mod 4 
and the other is of length 2 mod 4. Now it follows that one of the two chordless 
cycles, C,=u,ul,Q,VirV,Vj,P,,u~,U; C~=u,~~~Q,vi,V,vj+~,P~,u~,u is an im- 
perfect odd hole. Hence we must have i = j, i.e., u, and uz are in the same 
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sector Si. The u,u,-subpath of S, must have a length of at least 6. Let P be the 
u,u,-subpath of C containing all the nodes in C fl N(v). Clearly C = u,u,, P,u2,u 
is a chordless cycle and ICI < ICI. Every node in V-\{v} has at most two 
neighbors in C. Moreover the wheel (C, v) has the same number of rays as 
(C, v). If necessary, by a repeated application of this case, either the lemma 
follows or we must have Case 2 below. 
Case 2: Node u is a neighbor of C fl N(v). 
Let vi be the common neighbor of u and v, where vi is an end node of S,_,. 
Note that no other neighbor of v can be a neighbor of u. Suppose u2 is the other 
neighbor of u in sector S, with end nodes vi and v,+i. We now show that either 
j = i - 1 or j = i. Suppose not. Then as in Case 1, let Pk and P2 be the ZQV, and 
u,vj+,-subpaths of Sj respectively. Then it follows that one of the chordless cycles, 
CI=U,~~,V,~~/J~~,~~,~ or C2=“~vi~v~v~+1, 2, 21 P u u is an imperfect odd hole. 
Hence either j = i - 1 or j = i. Without loss of generality, assume that u2 is in 
Si with end nodes vi and vi+,. Now let P be the u,v,-subpath of C containing all 
the nodes in C f’ N(v). Clearly i‘ = u,vi, P,u2,u is a chordless cycle and 
ICI < (Cl. Moreover every node in V-, other than v, has at most two neighbors in 
C. Again the wheel (C, v) has the same number of rays as (C, v) and if 
necessary, by a repeated application of this case, the lemma follows. 0 
Theorem 8.1. Let (C, v) be a chordless wheel with k 2 4 rays and v E V-. 
Suppose no node in V\N(v) is strongly adjacent to C. Then either N(v) is an 
articulation set of G or there exists a chordless wheel (C*, v) with k* <k, k* 2 3 
rays and no node in V-\{v} is strongly adjacent to C*. 
Proof. Suppose N(v) is not an articulation set of G. If (C, v) is an odd wheel, let 
P be a shortest path connecting any two different sectors of (C, v) and not 
containing a node in N(v). If (C, v) is an even wheel, suppose the sectors of 
(C, v) are painted blue and green alternately. In this case, let P be a shortest path 
connecting two sectors of different colors and not containing any node in N(v). 
Let s E S, and t E Sj be the end nodes of P. Suppose e and f are the neighbors of s 
and t respectively, see Fig. 4. Let Pef denote the ef-subpath of P. Suppose vk, 
k=l, 2,. . . , n are the neighbors of v in C. Note that by the definition of P, the 
only nodes of C, not including s and t, that can have neighbors in Pcf are the 
nodes vk, k = 1, 2, . . . , n. Also note that no node of P can be adjacent to two 
different neighbors of v, for otherwise we would have a cycle of length 4. 
Furthermore e and f are not adjacent to any of the nodes vk, k = 1, 2, . . . , n 
since no node in V\{N(v)} is strongly adjacent to C. Let vi and vi+, (v, and v,,,) 
be the end nodes of Sj (Sj). 
Suppose now the theorem is false. Then we have the following two claims. 
Claim 1. At most two of the nodes vk, 1~ k s n can have neighbors in P+ If two 
nodes vg and vt, 1 cg, t, 6n have neighbors in P=r then vg and v, must be the end 
nodes of the same sector. 
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Fig. 4. 
Proof. Suppose the contrary, i.e., at least three of the nodes uk, 1 Sk G n, have 
neighbors in Pep Suppose we now traverse Pcf starting from node e. Let nodes v~, 
vh, v, in N(v) n C be such that in Pef we encounter nodes in IV(u,), N(vh) and 
N(v,) before encountering a node in U~=I,kfg,h,~N(uk). Now (C, v) is a wheel 
with at least four rays. Hence, among the three nodes vg, vh, v,, two of them are 
not the end nodes of the same sector of (C, v). Without loss of generality, assume 
that V~ and v, are not the end nodes of the same sector of (C, v). 
Let x E N(v,) fl P and y E N(v,) fl P be such that the xy-subpath, Pxy, of P does 
not contain an intermediate node which is in Unk=l;kZh N(uk). Note that such 
nodes x and y must exist. 
Let Ptg be the v,v,-subpath of C not containing vh. Note that since v, and v, are 
not the end nodes of the same sector of (C, v), Ptg contains at least three 
neighbors of v. But the number of neighbors of v in Ptg is less than the number of 
neighbors of v in C; see Fig. 5. Now the cycle C = vg,x,Pxy,y,vt,Ptg,vg is 
chordless since v,, 4 C. Moreover, (C, v) is a wheel with fewer number of rays 
than (C, v) but with at least three rays. Now consider a node u E V-\{v} that is 
strongly adjacent to C. By the minimality of P, node u can have at most one 
neighbor in PI,,. Furthermore, node u can have at most one neighbor in Ptg since 
no node is strongly adjacent to C. Consequently, every node in V-\{v} that is 
strongly adjacent to C has exactly two neighbors in C. Now, applying Lemma 8.1, 
from (C, v) we get a chordless wheel (C”, v) which has the same number of rays 
as (C, v) and no node in V-\{v} is strongly adjacent to C*. Hence if the theorem 
is false, the first part of the claim must be true. 
Suppose now vg and vt, 1 s g, t G n have neighbors in Pef and vg and v, are not 
the end nodes of the same sector. Let x and y be the neighbors of vg and v, 
respectively such that the intermediate nodes of PxY along P do not contain any 
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Fig. 5. 
node in N(uk), 1s k G II. Let Ptg be any one of the v,v,-subpaths of C; see Fig. 5. 
Consider the chordless cycle C = vR,x, PXY,y,v~,~g,vg. Now (e, v) is a wheel 
with fewer number of rays than (C, v) since vg and v, are not the end nodes of the 
same sector of (C, v). Moreover, (C, v) has at least three rays. Again, applying, 
if necessary, Lemma 8.1, it follows that from (C, v) we can get a chordless wheel 
(C*, v) which has the same number of rays as (C, v) and no node in V-\{v} is 
strongly adjacent to C*. Hence if the theorem is false, the claim must be 
true. 0 
Claim 2. If Si and S, are non-adjacent, no node in N(v) II C can have a neighbor 
in PC,-. Suppose S, and Si are adjacent then only one node in N(v) fl C which is the 
common end node of Si and Si can have neighbors in Pef 
Proof. Suppose we traverse Pef starting from node e. Let vR E N(v) tl C be such 
that in Pef we encounter a node x E N(v,) before encountering a node in 
IJz=,;kZg N(uk). We want to show that g = i or i + 1. Suppose not. Let Q, and Q2 
be the two sv,-subpaths of C, see Fig. 6(a). Suppose P, is the ex-subpath of P+ 
Consider the two cycles Cr =s,e,P,,x,v,,Q,,s and C, = s,e,PeX,x,vg,Q2,s. 
Since g #i or i + 1, node v is adjacent to more than one node in both C, and 
C2. Hence (C,, v) and (C,, v) are chordless wheels. Both the wheels have fewer 
number of rays than (C, v). But one of them has at least three rays since the 
number of rays of (C, v) is at least four and each ray of (C, v) except (v, v,) 
belongs to either (C,, v) or (C,, v) but not both, while (v, vg) belongs to both 
the wheels. Without loss of generality, assume that (C,, v) has at least three rays. 
Again, applying, if necessary, Lemma 8.1, it follows that either the theorem is 
true or we must have g = i or i + 1. Now without loss of generality assume that 
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Fig. 6(a). 
Fig. 6(b). 
g = i. We will show that the only other node in N(v) rl C that can have neighbors 
in P,is node vi+r. 
Suppose the contrary. Then traversing the path Pef starting from node e, after 
encountering one or more neighbors of vi, we encounter, say, node y, which is a 
neighbor of vk, k # i + 1. Then by Claim 1, k = i - 1, where vi__1 and vi are the 
end nodes of the same sector Si-1. Let PeY be the ey-subpath in P and Q be the 
sv,_,-subpath in C, not containing Vi; see Fig. 6(b). Consider the chordless cycle 
~=s,e,P,,y,vi-,,Q,s. The number of rays of (C, v) is one less than the 
number of rays of (C, v). Again, applying, if necessary, Lemma 8.1 it follows that 
either the theorem is true or only nodes vi and vi+, can have neighbors in Pef 
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Now traversing the path Pst., starting from node f, by symmetry we have that 
either the theorem is true or Pef may contain neighbors of only ui and vi+i. Then 
clearly, if Si and Sj are non-adjacent, no node in N(v) n C can have a neighbor in 
Pep On the other hand suppose S, and Sj are adjacent. Then only one node in 
N(u) fl C, which is the common end node of S, and Sj can have neighbors in Pef 
Thus the claim follows. q 
Now by the definition of the path P, at least one of the two st-subpaths in C has 
an odd number of neighbors of u. But since (C, ZJ) has four or more rays, this 
implies that at least one of the two st-subpaths in C must have three or more 
neighbors of u. Let P,, be the st-subpath in C having three or more neighbors of 
V. Then, by Claim 2, no neighbor of Y in P,, can have a neighbor in P+ Now the 
cycle C = s,e,Pef,f,t,P,,,s is chordless, and the wheel (C, v), which contains at 
least three rays, has fewer number of rays than (C, v). Now, applying if 
necessary, Lemma 8.1, from (C, v), we get a chordless wheel (C*, V) which has 
the same number of rays as (C, V) and no node in V-\{v} is strongly adjacent to 
C*. Thus the theorem follows. 0 
We next consider a chordless wheel (C, u) with v E V- and study the structure 
of the neighbors in C of a node u E V+\N(v) that is strongly adjacent to C. 
Lemma 8.2. Let G be a linear perfect graph containing a chordless wheel (C, v) 
with at least three rays and v E V-. Suppose no node in V-\{v} is strongly 
adjacent to C. Then every node u E V+\N(v) that is strongly adjacent to C must 
satisfy one of the three following conditions: 
(a) Node u has a positive even number of neighbors in one sector of (C, v) and 
no neighbor in any other sector of (C, v). 
(b) Node u has exactly two neighbors in C, one in each of two non-adjacent 
sectors of (C, v). 
(c) Node u has only one neighbor u * in a sector S, of (C, v) having vi and vi+1 
as end nodes, with u* adjacent to one end node say vi of Si. Node u has a positive 
even number of neighbors in sector St_, having vi-I and vi as endnodes. No other 
sector of (C, v) contains a neighbor of u. 
Proof. Each sector of (C, v) is of length 2 mod 4 since no node in V-\{v} is 
strongly adjacent to C. Hence in each sector node u E V+ can have either one 
neighbor or an even number of neighbors. If node u has all its neighbors in one 
sector only, condition (a) is satisfied and the lemma follows. Suppose now node u 
has neighbors in at least two sectors. We now divide the proof of the lemma into 
the following four claims. 
Claim 1. No two sectors of (C, v) can contain a positive even number of neighbors 
of u. 
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Proof. The proof of this claim is similar to the proof of Claim 1 in the proof of 
Lemma 5.5 except that now the odd hole identified is an imperfect odd hole since 
every node in V-\{V} is not strongly adjacent to C. 0 
Claim 2. In any two adjacent sectors of (C, v), node u cannot have exactly one 
neighbor in each. 
Proof. Suppose u has only one neighbor ui in Si and one neighbor z.+ in S,+r 
where Si and S,+r are adjacent sectors of (C, v). Let vi and vi+1 (vi+i and vi+J be 
the end nodes of Si (S,+J. Now if the u v. , ,+,-subpath PI of S, has length equal to 
1 mod 4 (3 mod 4), then the v,+,uz-subpath P2 of S,+1 must also have length equal 
to lmod4 (3mod4) for otherwise the cycle C* =~,u~,P~,zl~+~,P~,u~,u is an 
imperfect odd hole. Let Qr and Qz be the ulvi and u2vi+2-subpaths of Si and Si+l 
respectively. Then the cycle C = u,ui , Q,, Vi, v, v~+~, Q2, u2, u is an imperfect 
odd hole. •i 
Claim 3. No three sectors of (C, v) can contain one or more neighbors of u. 
Proof. Suppose three sectors Si, S, Sk contain one or more neighbors of u. Now 
by Claim 1, at most one of these sectors can contain a positive even number of 
neighbors of u. Consequently, the other two sectors, say Si and Sk, contain only 
one neighbor, say Ui and uk respectively, of u. Moreover, by Claim 2, Si and Sk 
are non-adjacent SeCtOrS. Let Vi and vi+r (uk and uk+r) be the end nodes of Si (Sk). 
Now the pair of uivi and uivi+l -subpath in Si are both of length 1 mod 4 or 
3 mod 4. If the uivi-subpath, e in Si is of length 1 mod 4 (3 mod 4), then the 
length of the ukvk-subpath, Pk, in Sk IIIUSt be 3 mod 4 (1 mod 4) for otherwise the 
cycle C* = u,ui,Pi,vi,v,vk~Pk,~k,u would be an imperfect odd hole. Without 
loss of generality, we assume that the u,v,-subpath in Si is of length 1 mod 4 and 
the ukvk-subpath in Sk is of length 3 mod 4. Let vi and vj+r be the end nodes of Sj. 
There are two cases to consider. 
Case 1: S contains only one neighbor uj of node u. 
Now by Claim 2, Si is not adjacent to Si and Sk; see Fig. 7. If the ujuj-subpath, 
e, in Sj is of length 1 mod4 (3 mod4), the cycle C* = U~U;,~,V~,V,V~,~~Uj,U 
(C* = U,Uk,Pk,Vk,V,Vj,Pj,Uj’U) iS an imperfect odd hole. 
Case 2: S,. contains an even number of neighbors, uf, . . . , UT”’ of node u. 
Suppose u,’ is closest to vj and uTm is closest to vj+r; see Fig. 8. Without loss of 
generality aSSUme that Vi+1 #Vk, Vk+l and vi # vk. Note that Vj and vk+l may 
coincide. Now if the ufvj subpath, Q,, in S, is of length 1 mod 4 (3 mod 4), then 
the u%. I ,+,-subpath, Q2 in Sj is of length 3 mod 4 (1 mod 4) and the cycle C* = 
U,UkrPk,vk,v,vj+l,Q2rUi2m,U (C* =U,UklPk,Vk,V,Vj’Q,,Uf,U) iS an imperfect 
odd hole. This completes the proof of Claim 3. 0 
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As a consequence of Claims 1, 2 and 3, if condition (a) as well as condition (b) 
are not satisfied, node u must have a positive even number of neighbors in exactly 
one sector and only one neighbor in exactly one other sector. Let S, be the sector 
of (C, V) in which node u has a positive even number of neighbors and S, be the 
sector containing the only neighbor u* of node u. 
Claim 4. Sj and S, are adjacent sectors and u* is adjacent to the common node 
between these two sectors. 
Proof. The proof of this claim is similar to the Proof of Claim 3 in the proof of 
Lemma 5.5 except that now the odd hole identified is an imperfect odd hole. This 
completes the proof of the lemma. Cl 
1 
“. 
1 
I; 
h "k+l 
i 
Fig. 8. 
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Remark 8.1. If (C, V) has only three rays, in any two sectors of (C, v), a node 
u E V+\N(v) cannot have exactly one neighbor in each. This follows from Claim 
2 in the proof of Lemma 8.2 by noting that any two sectors of (C, v) are adjacent 
since (C, v) has only three rays. If node u has neighbors in two sectors of (C, v), 
then u must have one neighbor u* in one of the sectors, say S,, with end nodes u, 
and v2 and a positive even number of neighbors, ui, u2, . . . , u2,,, in a sector, say 
S,, with end nodes v2 and v3. Then u* must be adjacent to v2. The length of the 
v,u,-subpath in S, must be 1 mod 4 and the length of the uzmvg-subpath in S, 
must be 3 mod4. Furthermore, the length of the u,u,+,-subpath in S, must be 
2mod4 for lais2m - 1. 
Lemma 8.3. Let G be a linear perfect graph containing a chordless wheel (C, v) 
with three rays and v E V-. Suppose no node in V-\(v) is strongly adjacent to C. 
Let t and u be any two nodes in V+\N(v) that are strongly adjacent to C. Suppose 
nodes t and u have neighbors in two sectors of (C, v). Then all the neighbors oft 
and u are contained in only two sectors of (C, v). 
Proof. Since node t (u) is strongly adjacent to C, by Lemma 8.2 and Remark 8.1, 
t (u) must have one neighbor t* (u*) in one sector and a positive even number of 
neighbors ti, i = 1, 2, . . . , 2n (uj, i = 1, 2, _ . , 2m) in another sector. Suppose 
now the lemma is false and all the three sectors of (C, v) contain one or more 
neighbors of t or u or both. Then exactly one sector contains one or more 
neighbors of both u and t. Let S,, S,, S, be the three sectors of (C, v) with end 
nodes vi and v,; v2 and v,; v3 and vi respectively. There are three cases to 
consider. 
Case 1: The sector containing the neighbors of both u and t has exactly one 
neighbor of one of these nodes, say t, and a positive even number of neighbors of 
the other node, say u, see Fig. 9. 
Let P,, P2 and P3 be the u,t*, u*v3 and v,t,,-subpaths of S,, S, and S, 
respectively. Consider the chordless cycle C* = ~,u*,P~,v~,P~,t~~,t,t*,P,,u~,u. 
By Remark 8.1, it follows that C* is an odd hole. Now a node w E V- can have 
three neighbors in C* if and only if w is adjacent to both u and t. Note that there 
can be at most one such node w for otherwise it would imply that G is not linear. 
Let w* be the neighbor of w in C* n C. Note that w* can not coincide with any 
neighbor of v and can not be adjacent to a neighbor of u or t. There are 2 
subcases to consider: 
Subcase 1: w* E P,, see Fig. 9. 
It is easily verified that C= u,w,t,t2n,P~,v3,v,v2,u*, u is an imperfect odd 
hole. 
Subcase 2: w* E Pz or w* E P3. 
We have that C = u, w, t, t*, PI,u, ,u is an imperfect odd hole. 
Case 2: The sector containing the neighbors of both u and t has only one 
neighbor of both u and t, see Fig. 10. 
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Now let P,, P2, P3 be the u*t*, t2,,u3 and v,u,-subpaths of Si, S, and S, 
respectively. Now consider the odd hole C = u,~*,P~,t*,t,t~~,P~,v~,P~,u,,u. 
As in Case 1 there can be at most one node w E V- that has three neighbors in 
C. Moreover w must be adjacent to both u and t. Let w* be the neighbor of w in 
C fl C. Again w* can not coincide with any neighbor of v. There are 2 subcases to 
consider. 
Subcase 1: w* E PI. 
It follows that C = u,w,t,t2n,P2,v3,P3,u1,u is an imperfect odd hole. 
Subcase 2: w* E P2 or w E P3. 
Because of symmetry we can assume, without loss of generality, that w* E P3. 
Now the cycle C = u, w, t, tzn, P2,v3,v,v1,u*,u is an imperfect odd hole. 
Case 3: The sector containing the neighbors of both u and t has a positive even 
number of neighbors of both u and t, see Fig. 11. 
Let P* be the shortest path from u* to t* using nodes u, t and the nodes of 
sector S, but not vi or v2. Let Pz and P3 be the u*v3 and v,t*-subpaths of S, and 
S, respectively. Now between u* and t* we have a path Q, = u*,v2,v,v,,t* of 
length 4 and a path Q2 = u*,P2,v3,P3,t* of length 2 mod 4. Hence P* closes an 
odd hole, say C*, with either Q, or Q2. As in the previous cases we can have at 
most one node w E V- that has three neighbors in C*. Again w must be adjacent 
to u and t. Let w* be the neighbor of w in C*. If P* closes an odd hole with Q,, 
w* must be in P*. Then the cycle e=u,w,t,t*,P3,v3,P2,u*, u is an imperfect 
Fig. 11 
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odd hole. Suppose P* closes an odd hole with Q2. Again if w* E P*, clearly C as 
defined above is an imperfect odd hole. Because of symmetry we can assume, 
without loss of generality, that w* E Pz. Let RI and R2 be the U*W* and 
w *u,-subpaths of S,. Now RI must be of length 1 mod 4 for otherwise w,u,u*, 
RI, w *, w would be an imperfect odd hole. Then RZ must be of length 0 mod 4. 
But this implies that C= w,w*,R,,v,,v,v,,t*,t,w is an imperfect odd hole. This 
completes the proof of the lemma. 0 
Before proving the main result, Theorem 8.3, of this section, we need one 
other lemma and a theorem. 
Lemma 8.4. Let G be a linear perfect graph containing a chordless wheel (C, v) 
with k 3 3 rays and v E V-. Suppose no node in V-\{v} is strongly adjacent to C. 
Then there exists a chordless wheel (C*, v) with k* G k rays and satisfying one of 
the three properties below: 
Let A = {w E V\n(v) 1 w is strongly adjacent to C*}. 
(i) k* 2 3; IC*l s ICI and A = 0. 
(ii) k* = 4; A c V+ and A # 0. Every node w E A has exactly two neighbors in 
C*, one in each of the two non-adjacent sectors. 
(iii) k* = 3; A z V+ and A #@ All nodes in A have a common neighbor, u*, 
which is the only neighbor of these nodes in that sector of (C*, v). Moreover all 
nodes in A have a positive even number of neighbors in the same sector of (C*, v) 
and no neighbors in the remaining third sector of (C*, v). 
Proof. If no node in V+\N(v) is strongly adjacent to C*, property (i) above 
holds and the lemma follows. Suppose a node u E V’\N(v) is strongly adjacent to 
C*. Now Lemma 8.2 applies and node u must satisfy one of the three conditions 
of the same lemma. We now consider the three cases in turn. For ease of 
understanding, the process involved in the proof is depicted in the flow chart of 
Fig. 12. 
Case 1: Node u has a positive even number of neighbors in one sector of (C, v) 
and no neighbor in any other sector of (C, v). 
Note that no node in V-\{v} is strongly adjacent to C. Let ui, i = 1, 2, . . . , 2k 
be the neighbors of u in a sector of (C, v). Let P be the u,u,,+-subpath of C, not 
containing any other neighbor of u but containing all the nodes in C n N(v). 
Then C = u,uI,P,uzk , u is a chordless cycle and 1 Cl < ICI. Moreover the wheel 
(C, u) has k = k rays. Since C contains node u E V+, it is now possible that a 
node w E V-\{v} is strongly adjacent to C. But such a node w must have exactly 
two neighbors in c. Now applying Lemma 8.1 we get a chordless cycle C and a 
wheel (C, V) such that /Cl G /Cl < (Cl. Moreover, no node in V-\{v} is strongly 
adjacent to C. We repeat this process until this case does not apply anymore. 
Then one of the first two properties of the lemma hold or by Lemma 8.2, we must 
have one of the other two cases given below. For both the cases below, the cycle 
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Given a wheel (C, v) with k rays and v E V. 
No node in V-\N(v) is strongly adjacent to C 
Lemma 8.4 holds No 
Define a wheel 
f---l Apply Lemma 8.1 and get a wheel CC, ~1 with k = k rays and ICI s jC( 
- Subcase (i) 
Define a wheel 
(C, v) with 
k < k rays and 
IEl<lCl 
Note: k~3 
i 
Redefine the wheel 
CC, VI as (C, v) 
Fig. 12. 
c obtained possibly by a repeated application of Case 1, is redefined to be the 
cycle C. 
Case 2: Case 1 does not apply. However, (C, v) has at least>ve rays and a node 
u E V+\N(v) has exactly two neighbors in C, one in each of two non-adjacent 
sectors of the wheel (C, v). 
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Note that no node in V-\{v} is strongly adjacent to C. Let u1 and u2 be the 
two neighbors of u, one in each of two non-adjacent sectors of C. Let Pi and P2 
be the two u,u,-subpaths of C. Now since (C, V) has at least five rays, it follows 
that the path P, or P2 contains at least three neighbors of U. Without loss of 
generality, assume that Pi contains three or more neighbors of ZI. Then C = u,u,, 
P, , u2, u is a chordless cycle with ICI< 1 Cl. Moreover the wheel (C, V) has R 2 3 
rays and & < k. Now as in Case 1 above, if a node w E V-\{v} is strongly 
adjacent to C’, we apply Lemma 8.1 and get a wheel (C, v) such that 
lC( < ICI < ICI. Moreover, no node in V-\{v} other than u is strongly adjacent to 
C. Then if Case 1 applies again, we repeat the process until Case 1 does not apply 
any more. Then if Case 2 applies, we repeat until neither Case 1 nor Case 2 
applies. Now one of the first two properties of the lemma must hold or Case 3 
below must apply. Again for notational convenience, we assume that the cycle C 
obtained at the end of Case 2 is redefined to be the cycle C. 
Case 3: Neither Case 1 nor Case 2 applies. However, there exists a node 
u E V+\N(v) that is strongly adjacent to C. Node u satisfies condition (c) of 
Lemma 8.2. 
There are two subcases to consider. 
Subcase 1: The wheel (C, v) has four or more rays. 
Let u* be the only neighbor of u in sector Si of (C, v). Let Ui, i = 1, 2, . . . , 2k 
be the neighbors of u in sector Si_1 of (C, v). Assume that the indexing of the 
nodes ui, i = 1, 2, . . . , 2k is such that there is a u,,u*-subpath, Q, of C that does 
not contain any other neighbor of u. Then C = u,u,, Q,u*,u is a chordless cycle 
with ICI < [Cl. Moreover the wheel (C, v) has R > 3 rays and /? = k - 1. Now if a 
node w E V-\{v} is strongly adjacent to C’, we apply Lemma 8.1 and get a wheel 
(C, v) such that ICI s ICI < ICI. Moreover, no node in V-\{v} is strongly 
adjacent to C. Then if Case 1 applies, the entire process is repeated starting with 
Case 1. If Case 1 does not apply but Case 2 applies, the process is repeated 
starting with Case 2. Finally, if both Cases 1 and 2 do not apply but Case 3 
Subcase 1 applies, the process is repeated starting with Case 3 Subcase 1. Now 
one of the first two properties of the lemma must hold or Case 3 Subcase 2 must 
apply. Again we assume that the cycle C obtained at the end of Case 3 Subcase 1 
is redefined to be the cycle C. 
Subcase 2: The wheel (C, v) has three rays. 
Let L = {node j 1 j E C and j is a neighbor of u E V+\N(v) that is strongly 
adjacent to C}. Then by Lemma 8.3, the nodes in L must be contained in only 
two sectors of (C, v). Suppose L contains a node j that is the neighbor of all 
nodes u E V+\N(v) that are strongly adjacent to C. Then by condition (c) of 
Lemma 8.2 property (iii) holds and the lemma follows. Suppose now there exist 
two nodes t and u E V+\N(v) that are strongly adjacent to C but do not have a 
common neighbor in C, see Fig. 13. By Lemma 8.3, all the neighbors of t and u 
are contained in only two sectors of (C, v), say S1 and S,. Let t* and u* be the 
only neighbors of t and u in Sectors S, and S2 respectively. Let t,, i = 1, 2, . . . , 2n 
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and ui, i = 1, 2, . . . , 2m be the neighbors of t and u in Sectors S, and S, 
respectively. Suppose 2rr and v2 (21, and v3) are the end nodes of S, (S,). Assume 
that the indexing of the neighbors of nodes t and u is such that the u,2r1 and 
t,v,-subpaths PI and P2 of S, and S, respectively do not contain any other 
neighbors of u or t. 
Consider the chordless odd cycle C* = ~,u*,v~,f*,t,f~,P~,v~,S~,v~,P~,u~,u. 
Now (C*, v) has the same 3 rays as (C, v) but lC*( <ICI. However, it is now 
possible that a node w E V-\{v} may be strongly adjacent to C*. Since no node 
in V-\{v} is strongly adjacent to C, it follows that w can have at most 3 
neighbors in C*. We now show that w can have at most 2 neighbors. Suppose w 
has 3 neighbors. Then w must be adjacent to t and u. Since G is linear w can not 
be adjacent to v2. Now w,u,~*,v~,t*,t,w is an imperfect odd hole of length 6. 
Thus all nodes in V-\{v} that are strongly adjacent to C* have exactly two 
neighbors. By applying Lemma 8.1, we get a wheel (C, v) such that lC1 c lC*l < 
ICI. Moreover no node in V-\{v} is strongly adjacent to C. 
Now if Case 1 applies we repeat the process starting with Case 1. Since Case 2 
and Subcase 1 of Case 3 can not apply, we have that if Case 1 does not apply, 
Case 3 Subcase 2 may apply. If so, we repeat the process starting with Case 3 
Subcase 2. This process must terminate in a finite number of steps with property 
(iii) of the lemma holding. 
This completes the proof of the lemma. 0 
Theorem 8.2. Let G be a linear perfect graph containing a chordless wheel (C, V), 
with four rays and v E V-. Suppose no node in V-\{v} is strongly adjacent to C 
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and every node in V+\N(v) that is strongly adjacent to C has exactly two neighbors 
in C, one in each of the two non-adjacent sectors of (C, v). Suppose further that a 
node w E V+\N(v) is strongly adjacent to C. Then N(v) is an articulation set of G. 
PrOOf* Let Vi, Vi+1 with us = v1 be the end nodes of sectors & i = 1, 2, 3, 4, see 
Fig. 14. Suppose w has neighbors in sectors S, and JI? respectively. Let 
u E V+\N(v) be a node with neighbors u1 and u2 in sectors S, and S, respectively 
such that the following two conditions hold: 
(i) No intermediate node of the u,v,-subpath, PI, of S, is a neighbor of a node 
that is strongly adjacent to C and 
(ii) No node of the u,v,-subpath, P2, of S, is a neighbor of a node w # u that is 
strongly adjacent to C and has u1 as one of the neighbors. 
Note that since G is linear, node u as defined above exists and is uniquely 
identified. Now one of the paths PI or Pz is of length 1 mod 4 and the other is of 
length 3 mod 4. Without loss of generality, suppose Pz is of length 3 mod 4. Let Q 
be the u2vo-subpath of S,. Define the paths R, = u2,Q2,v4,v; R2= u~,u,u,, 
PI,+; RD = u2,P2,v3 and T = v2,S2,v3. Note that the length of each of the 
above paths is greater than or equal to 3. Now (R,, R2, RX, T, v) is a parachute. 
Moreover, by the selection of node u, we have that a node w which is strongly 
adjacent to the above parachute must have u1 as one of the neighbors and the 
other neighbor of w must be in R,\{u*}. Now by Theorem 7.1, N(v) is an 
articulation set of G. Thus the theorem follows. 0 
Theorem 8.3. Let G be a linear perfect graph containing a chordless wheel (C, v) 
with k 3 3 rays and v E V-. Suppose no node in V-\{v} is strongly adjacent to C. 
Then either N(v) is an articulation set of G or there exists a chordless wheel 
(C*, v) with three rays. Suppose A = {w E V\N(v) 1 w is strongly adjacent to C*}. 
Then A c V’. 
Fig. 14. 
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All nodes in A have a common neighbor, u*, which is the only neighbor of these 
nodes in that sector of (C*, v). Moreover all nodes in A have a positive even 
number of neighbors in the same sector of (C”, v) and no neighbors in the third 
sector of (C*, v). 
Proof. Applying Lemma 8.4, one of the three properties of that lemma must 
hold. Clearly if property (iii) of Lemma 8.4 holds, the theorem follows. Suppose 
now property (i) of Lemma 8.4 holds. If the number k* of rays of (C*, v) is equal 
to 3, clearly the theorem follows. Suppose k” > 4. Then by Theorem 8.1, either 
N(v) is an articulation set of G or there exists a wheel (C, v) with the number of 
rays k < k* and k 2 3. Moreover no node in V-\(v) is strongly adjacent to C. 
Now we apply Lemma 8.4 to (C, v). By a repeated application of Lemma 8.4 and 
Theorem 8.1, we must have a chordless wheel either the number of rays is equal 
to 3 or property (ii) of Lemma 8.4 hold with a node w E V’\(v) strongly adjacent 
to C. If the number of rays is equal to 3 either property (i) or (iii) of Lemma 8.4 
must hold and the theorem follows. Suppose property (ii) of Lemma 8.4 holds 
with a node w E V+\N(v) strongly adjacent to C. Then by Theorem 8.2, we have 
that N(v) is an articulation set of G. Thus the theorem follows. 0 
9. Mmimal perfect configurations 
In this section, we prove three star cutset results, one pertaining to minimal 
odd holes and the other two pertaining to chordless wheels with 3 rays. 
9.1. Minimal odd hole 
Theorem 9.1. Let G be a linear perfect graph containing a minimal odd hole H 
and the corresponding wheel (H, v) satisfying Property 5.1. Suppose now a node 
u E V-\N(v) has neighbors in two odd numbered sectors Si and Si+z of (H, v). 
Then N(v) is an articulation set of G. 
Proof, Let vi and Vi+r (vi+2 and Vi+3) be the end nodes of Si (Si+*), see Fig. 15. 
Note that Vi and Vi+3 coincide if (H, v) has only 3 rays. Let A-(H) be the set of 
nodes in V- that are strongly adjacent to H. Let t be a node such that t >> w for 
all w #t, w E A_(H)\(v), see Definition 5.1. Now by Lemma 5.4, node t must 
have neighbors in sectors Si and Si+*- Let tl (t2) be the neighbor of t in Si (&+J 
such that the trv,+,-subpath (tzvi+2-subpath), PI (PJ of Si (Si+*) does not contain 
an intermediate node which is a neighbor of a node in A_(H)\(v). Note that 
Lemma 5.4 guarantees the existence of such a node t and the paths PI and P2 as 
defined above. Let v” E H be the common neighbor of all nodes in A-(H). Now 
consider the cycle e=t,tl,P~,Vi+l,Si+l,Vi+2,P2,t2rt. By Lemmas 5.4 and 5.5, no 
node in V\N(v) is strongly adjacent to e\{t}. Consequently, a node strongly 
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Fig. 15. 
adjacent to C must have exactly two neighbors, one of them being t. Let x be a 
node that is strongly adjacent to C. Suppose x* is the neighbor of x in C f~ H. 
Claim 1. x* l PI or E P2. 
Proof. Suppose the claim is false and x * E Si+2. Now since P, is of length 0 mod 4, 
we must have that the x*2ri+,-subpath, Q, of Si+, must be of length 1 mod 4. Then 
the cycle t,x,x*,Q,~~+,, u, ZJ*, t is an imperfect odd hole. Thus the claim 
follows. q 
Now let x E V+ (y E V+) be a node strongly adjacent to C and having a 
neighbor x* E PI (y* E P,) such that the x*ui+l-subpath, Q,, of PI (y*ui+*- 
subpath, Q,, of P2) does not contain an intermediate node which is a neighbor of 
a node that is strongly adjacent to C. Note that since G is linear, if C has strongly 
adjacent nodes, x (y) is uniquely determined. Now consider the cycle C* = t,x, 
X*,QlrUi+l,Si+l,Ui+2, Q2,y*,y,t, see Fig. 16. 
Claim 2. All nodes strongly adjacent to C* are contained in N(u). 
Proof. By construction of C*, no node in V’\N(u) is strongly adjacent to C*. 
Suppose now a node w E V-\{v} is strongly adjacent to C*. Now since G is 
linear and no node in V-\{v} is strongly adjacent to C, it follows that w must be 
adjacent to x or y but not both. Without loss of generality assume that w is 
adjacent to x and w* E C* where w* is a neighbor of w. There are 3 cases to 
consider. 
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Case 1: w* E QI. 
Now the x*w*-subpath of S; must be of length 1 mod4. Let Fr and F2 be the x*‘u, 
and w*vi+r -subpaths of S, respectively. Then x,x*, F,, u~,u,u~+~, F2, w*, w,x is an 
odd hole contradicting the minimality of H. 
Case 2: w* E &+I. 
Let Fl and F2 be X*2/i+l and w*ui+,-subpaths of Si and S,+l respectively. NOW Fl is 
of length 3 mod 4. Consequently F2 must be of length 2 mod 4. Now the 
W*Ui+2- subpath, CT, of S,+l must be of length 0 mod 4. Then the cycle t,x, w, w*, 
F3,~i+2,u,u*,t is an imperfect odd hole. 
Case 3: w* E Q2. 
NOW since the X*Vi+l -subpath of Si is of length 3 mod 4, it follows that the 
* 
w vi+,-subpath, F, of Si+z must be of length 0 mod 4. Then the cycle t,x, w, w*, 
F,vic2,u,v*,t is an imperfect odd hole. This completes the proof of Claim 
2. q 
NOW let RI =U,V*,t; Rz= tpX,X*,Ql,Vi+l; R~=~,Y,Y*,Qz,V~+Z; and 
T = Vi+l,Si+1,ui+2. Clearly (R,, RZ, R-,, T, v) is a parachute with all strongly 
adjacent nodes contained in N(v). Now by Theorem 7.1 N(v) must be an 
articulation set of G. Thus the theorem follows. 0 
9.2. Wheels with 3 rays 
Let G be a linear perfect graph containing a chordless wheel (C, v) with 3 rays 
and v E V-. Suppose that every node in V\N(v) that is strongly adjacent to C is 
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contained in I/+. Furthermore, all nodes in V+\N(v) that are strongly adjacent to 
C have: 
(i) A common neighbor, u*, which is the only neighbor of these nodes in that 
sector. 
(ii) A positive even number of neighbors in the same sector of (C, v). 
(iii) No neighbors in the remaining third sector of (C, v). 
Theorem 9.2. Let (C, v) be a chordless wheel with 3 rays, v E V- and strongly 
adjacent nodes satisfying properties (i), (ii) and (iii) above. Suppose there exists a 
node w E V’\N(v) that is strongly adjacent to C. Then N(v) is an articulation set 
of G. 
Proof. Let A be the set of nodes in V+\N(v) that are strongly adjacent to C and 
satisfying properties (i), (ii) and (iii) stated above. Let S,, S, and S, be the three 
sectors of (C, v) with end nodes v, and v2; v2 and v,; v3 and v, respectively. 
Suppose S, and & are the sectors of (C, v) containing all the neighbors of nodes 
in A. Let w* E S1 be the common neighbor of all nodes in A, see Fig. 17. Define 
PI as the w*v,-subpath of S,. Let w E A be such that the w,v,-subpath, P3 of S, 
does not contain an intermediate node which is a neighbor of a node in A. Note 
that such a node w E A must exist. Now consider the chordless cycle c = w, wl, 
P3,v3,&,v2,P,,~*,~. Now a node u E V- may be strongly adjacent to 6 But 
such a node u must have exactly two neighbors in c, one of them being w. Let 
U* E c be the other neighbor of U. Note that U* can not coincide with v2 or vj. 
Now we have the following. 
Claim 1. CL* E c3 
Fig. 17. 
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Proof. Suppose the contrary. There are two cases to consider. 
Case 1: u* ES,. 
Now since P3 is of length 3 mod 4, the u*v,-subpath of S, must be of length 
2mod4. Hence the u*v,-subpath, Q2, of S, must be of length Omod 4. Then 
~=w,u,~*,Q~,v~,v,v,,w*,w is an imperfect odd hole. 
Case 2: u* l PI. 
Note that since G is a linear graph, u* can not be a neighbor of w*. The 
u*w*-subpath of S, must be of length 1 mod 4. This implies that the u*v2- 
subpath, Q,, of S1 must be of length Omod4. Then ~=~,w*,v~,v,v~,Q,,u*, 
u,w is an imperfect odd hole. This completes the proof of Claim 1. q 
Now there may be several nodes which are strongly adjacent to C. But by 
Claim 1, each one of these nodes must have exactly two neighbors in C with one 
of them being w and the other one in P3. Let u* E P3 be the neighbor of u that is 
strongly adjacent to C such that the u*v,-subpath of S, does not contain an 
intermediate node which is a neighbor of a node that is strongly adjacent to C. 
Note that the w,u*-subpath of S, must be of length 1 mod4 and the u*v3- 
subpath, Q3, of S, must be of length 2 mod 4. Consider the cycle C* = w,u,u*, 
Q~,vd~,vd’,,w*,w. 
Claim 2. All nodes strongly adjacent to C* are contained in N(v). 
Proof: Clearly by construction of C*, no node in V-\{v} is strongly adjacent to 
C*. Suppose now a node t E V+\N(v) is strongly adjacent to C*. Then t must be 
a neighbor of u. Let t* E C* be the other neighbor of t. There are 3 cases to 
consider. 
Case 1: t* E Q3. 
Both the u*t* and the t*+-subpaths of S, must be of length 1 mod 4. Let FI and 
Fz be the vru* and t*v,-subpaths of S, respectively. Then the cycle C = v,v,,F,, 
u*,u,t,t*,FZ,v3,v is an imperfect odd hole, since u, v E V- and no node in 
V-\{v} is strongly adjacent to C. 
Case 2: t* ES,. 
Now the t*v,-subpath, F,, of S, must be of length 3 mod 4 for otherwise the 
cycle u,u*,Q3,v3,Fl,t*,t,u would be an imperfect odd hole. Let F2 be the 
t*v,-subpath of S,. The cycle C = u,u*,Q3,v3,v,v2,F2,t*,t,u is an imperfect odd 
hole for the same reasons as in Case 1. 
Case 3: t* E S1. 
Note that since G is linear, nodes t* and w* can not coincide. The 
t*w*-subpath of S, must be of length 0 mod4. Hence the t*v,-subpath, F, of S1 
must be of length 1 mod 4. Let F-, be the v,u*-subpath of S,. Then as in Case 1, 
the cycle C= v,v1,F3,u*,u,t,t*,F,vz,v is an imperfect odd hole. This 
completes the proof of Claim 2. 0 
Now let R, = v,vl,w*; R2 = w*,Plrv2; R3 = w*,w,u,u*,Q3,v3 and T = v2, 
S2,v3. Clearly (RI, Rz, R3, T, v) is a parachute with all strongly adjacent nodes 
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contained in N(v). Now by Theorem 7.1 N(v) must be an articulation set of G. 
Thus the theorem follows. 0 
Theorem 9.3. Let G be a linear perfect graph containing a chordless wheel (C, v) 
with three rays and v E V-. Suppose all nodes strongly adjacent to C are contained 
in N(v). Then N(v) is an articulation set of G. 
Proof. Let Si, S, and S, be the sectors of (C, v) with end nodes vi and v,; v2 and 
v,; vj and v1 respectively, and define Cj = v~,S~,V~+~,V,V~ for i = 1, 2, 3 where 
v4=v1. Let C12=v3rS2,v2,S1,~1,v,v3; C13= uz,S1,v1,S3,u3,u,v2 and Cz3= 
u1,S3,u2,S2rv2,v,u1; see Fig. 18. Let G* be the subgraph of G induced by 
the nodes in V\{N(v)\{ v, vI, v2, v~}}. Note that the fact that G is perfect 
implies that G* is perfect. In the remainder of this section we consider G* instead 
of G. In G* the cycles Ci2, Cl3 and C23 are node minimal odd cycles having 
respectively (v, v,), (v, vi) and (v, v3) as the only chord. Note that Cj and Cj are 
the chordless even cycles formed by C, and its only chord. Consider now a node 
minimal odd cycle Cij, i #j, i, j = 1, 2, 3. Let PIT be the corresponding collection 
of minimal paths connecting C\{v, vi, v2, v3} to Cj\{V, v,, v2, v3} and satisfying 
Definition 6.1. Suppose Theorem 9.3 is false. Then P%, i fj, i, j = 1, 2, 3, is 
non-empty. Among PT2 U P& U P& let P* be the collection of paths having the 
shortest length. Assume without any loss in generality that Pr3 fl P* is non- 
empty. Among the paths in P& fl P*, let P, be the collection of paths from node s 
in S, such that node s is closest to v2 in S,. Finally, among P,, let P,, be a path 
from node s in S, to node t in S, such that node t is closest to v3 in S,. Denote as 
D the collection of paths connecting a node of S,\{v,, v3} to a node of 
S,\{v,, v2} or to a node in S,\{v,, v3} or to an intermediate node of the path P,, 
but not containing any node in N(v). Among D, let Q* be the collection of paths 
having the shortest length. Among Q*, let & be the set of paths such that one of 
Fig. 18. 
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their end nodes is an intermediate node of the path P,,. Note that & may be 
empty. If & # $, let Qg c & be the collection of paths such that the end node 
g E S, is closest to v2 in S,. Among Qg, let Qgh be a path such that the end node h 
in P,, is closest to t, see Fig. 19(a). But if & is empty, Q* must contain a path 
connecting a node of S,\{v,, v3} to a node of S,\{v,, v2} or &\{vi, vg}. Because 
of symmetry without loss of generality, we assume that Q* contains a path 
connecting a node of S,\{v,, v3} to a node of S,\{v,, v3}. In this case let QR G Q * 
be the collection of paths such that the end node g E S, is closest to v2 in S,. 
Among Q,, let Qgh be a path such that the end node h is closest to t, see Fig. 
19(b). In this case Qgh E P&. Note that h and t may coincide or h may be closer 
than t to v2 or to v3. Fig. 19(b) shows the case in which h is closer than t to v3. 
We now have two cases to consider. 
Case I: & # +. 
Let F,, F2 and F3 be the sv2, gv2 and tv,-subpaths of S,, S, and S, respectively. 
Let Psh be the sh-subpath of P,,. In Qgh let w be the neighbor of h. There are two 
possibilities depending on whether w has a neighbor in C\{v,, v2, v3} or not. 
Case IA: Node w has no neighbors in C\{v,, v2, vj}. 
Consider the starred cycle C = v2, Fl,s, PSh,h, Qgh,g, F2,v2 with v2 as the 
star node. We first prove the following claim. 
Claim 1. Every node u E V-\{v} and u I$ e has at most two neighbors in 
c u {VI, v3). 
Proof. Suppose the claim is false. Consider a node u E V-\{v} and u $ C that has 
three or more neighbors in C U {v,, v3}. Since u can not be strongly adjacent to 
C or to P,, or to Qgh, it follows that u has exactly three neighbors, one in C, one 
in P,, and one in QRh. Let ui E C; u2 E P,, and u3 E Qgh be the three neighbors of U, 
see Fig. 20. Note that for i = 1, 2, 3, ui #s or t or g or h. Now the u,h-subpath, 
Q, of Qgh must be of length 1 or 2 for otherwise the gu,-subpath of Qgh together 
with the path u~,u,u~ would be shorter than Qgh. Now if Q is of length 1, the 
u,h-subpath, P2, of P,, must be of length at least 5. Then the path u2, U, u3, h 
would be shorter than P2, thereby contradicting the fact that P,, is a shortest path. 
Consequently Q must be of length 2 and P2 must be of length 4. Note that since G 
is linear, this implies that there can not be another node w E V-\{v}, w $ e and 
w # u such that w has three or more neighbors in C U {vl, v3}. Moreover, the 
choice of Qgh implies that u2 is not in the ht-subpath of P,,. Now there are two 
cases to consider. 
Case 1: u1 + {vl, v2, v3}. 
There are two subcases to consider. 
Subcase (la): u1 E F,, see Fig. 20. 
Now the u,s-subpath of P,, must be of length 1 for otherwise the tu,-subpath of 
P,, together with the path uz,u,ul would contradict the choice of Pxl. But then 
node u2 can not be adjacent to vi, v2 or v since all nodes strongly adjacent to C 
Articulation sets II 109 
.<----. 
/’ st / ‘1 \ 
-- 
Fig. 19(a) 
\ 
\ 
Fig. 19(b). 
110 M. Conforli, M.R. Rao 
k- 
gd __/ 
Fig. 20. 
are contained in N(v) and by definition P,, does not contain any node in N(v). 
Now the path uI,u,u2,s is a path of length 3 and it would close an imperfect odd 
hole with one of the su,-subpaths of the even hole C, = n,u2,S1 ,v, ,v. Hence u 
can not have a neighbor in F,. 
Subcase (lb): u1 E F2. 
Now the u,g-subpath of Qgh must be of length 1 for otherwise the hu3-subpath 
of Q,,, together with the path u3,u,ul would contradict the choice of Qgh. But 
then as in Subcase (la) above the path uI,u,u3,g is of length 3 and it would close 
an odd hole with one of the gu,-subpaths of the even hole C2 = v,v~,S~,V~,II. 
Hence u can not have a neighbor in F2. 
Now u is a neighbor of only one of the nodes vi, i = 1, 2, 3. Suppose u is a 
neighbor of vj where 1~ jc3. Let PI, P2 and P3 denote the su,vu,h and 
ht-subpaths of P,, respectively. Suppose Q is the u,h-subpath of Qph. Since Pz is 
of length 4 and Q is of length 2, it follows that P2 and Q can not contain a 
neighbor of vj for otherwise we would have an imperfect odd hole of length 6 or a 
cycle of length 4. Consider the path P = s, P~,u2,u,ug, Q,h, P3 which is of the 
same length as PJr. Now C~3=v~,S,,v1,S~,v~,u,v~ is a node-minimal odd 
cycle with (v, vr) as the only chord. Applying Theorem 6.1 to C,, and Pst it 
follows that C13 U P,, contains a starred wheel (C*, vr). Furthermore by the same 
theorem, P,, must contain an odd number of neighbors of vr and an even number 
of neighbors of v2 and v3. Now applying Theorem 6.1 to C13 and P it follows that 
C13 U P contains a starred wheel (C, vr). Furthermore, P must contain an odd 
number of neighbors of v1 and an even number of neighbor of v2 and v3. But 
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since vi has one more neighbor in P than in PSt, we have a contradiction. This 
completes the proof of the claim. 0 
Next we prove that in this case, i.e., if & # @, N(v) must be an articulation set 
of G, else G contains an imperfect odd hole. Node h can not be adjacent to both 
v, and v3. Because of symmetry, we can assume without loss of generality that h 
is not adjacent to vs. Let Pht denote the ht-subpath of P,,. Let Q,, = g,Qg,,,h, 
Phf,t. We now prove the following claim. 
Claim 2. No node in V- is strongly adjacent to Q,*. 
Proof. Suppose the claim is false. Let u E V- be strongly adjacent to QRr. Since 
Qsh is a shortest path, it follows that u must have a neighbor ur in Pht and a 
neighbor u2 in Qsh, see Fig. 21. By construction, Qgh is a shortest path and h is 
closest to t. This implies that u2 must be a neighbor of h. Therefore h,u2,u,uI, 
is of length 3 which is shorter than the hcqsubpath of P,,. This contradicts the 
choice of P,,. Hence Claim 2 must hold. 
Now in G*,&= v1,S3,v3,S2,v2,v,vI is a node-minimal odd cycle with 
(v,, v3) as the only chord. By Claim 2, Q,, is a minimal path, as in Definition 6.1, 
connecting g E S,\{v,, v3} and t E S3\{v,, v3}. Note that since Cz3 is a node- 
minimal odd cycle, Claims 1 and 2 together imply that a node in V- that is 
strongly adjacent to Cz3 U Q,, has at most two neighbors in Cz3 U Qgt. By 
Theorem 6.1, Cz3 U Q,, contains a starred wheel with vg as the hub, and it follows 
that v3 has an odd number of neighbors in Q,,. Again, in G*, C,.7= v2,S,,v,, 
S3,v3,v,v2 is a node-minimal odd cycle with (v, v,) as the only chord and P,, is a 
Fig. 21. 
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minimal path connecting s E &\{v,, 2r2} and t E S,\{v,, 2r3}. Again by Theorem 
6.1 it follows that 2r3 has an even number of neighbors in P,,. Now consider the 
starred cycle c = u2,Fl,s, Psh,h, Qgh,g,FZ,uZ with v2 as the star node. Then 
(c, V, u3) is an expanded cycle. Noting that h is not a neighbor of v3, since 2r3 has 
an even number of neighbors in P,, and an odd number of neighbors in QRt, 
irrespective of the number of neighbors of u3 in Phr, it follows that v3 has an odd 
number of neighbors in e. Now by Claim 1 every node u E V- and u r$ c has at 
most two neighbors in c U {zJ~}. Then by Lemma 3.1 and Remark 3.2, G* has at 
most two neighbors in c U {v3}. Then by Lemma 3.1 and Remark 3.2, G* and 
hence G contains an imperfect odd hole. Thus the theorem follows in this 
case. q 
Case IB. Node w has a neighbor in C\{v,, v2, v3}. 
Let x be the neighbor of w in C\{V,, v2, ug}. Now x 4 S, for otherwise the choice 
of Qgh would imply that g is a neighbor of w and hence w is strongly adjacent to C 
which is a contradiction. Now x may be in S, or S,. Without loss of generality 
assume that x E S,, see Fig. 22(a). 
Now the choice of P,, implies that the ht-subpath, 5, of P,, is of length 1 or 2. If 
P3 is of length 1, i.e., if h is a neighbor of t, then h can not be a neighbor of ul, u2 
or u3 since all nodes strongly adjacent to C are contained in N(v). Furthermore, 
we then have t, h, w, x is a path of length 3 and it would close an imperfect odd 
hole with one of the tx-subpaths of the even hole C3 = v,v3,S3,v, ,21. 
Consequently P3 must be of length 2. Now the choice of P,, implies that x is in the 
v,t-subpath of S,. As in Case IA, consider the starred cycle e = u2,Fl,s,PSh,h, 
Qgh,g,F2,v2 with u2 as the star node. We next prove the following two claims. 
Claim 3. Every node u E V-\{v} and u 4 c has at most two neighbors in 
c u I%, u3). 
Proof. Suppose the claim is false. Consider a node u E V-\{JJ} and u $ c that has 
three or more neighbors in c U {v,, 2.~~). As in the proof of Claim 1, it follows 
that u has exactly three neighbors, one in C, one in P,, and one in Qgh. Let 
u1 E C, u2 E P,, and z+ E Qsh be the neighbors of U, see Fig. 22(b). Now as in the 
proof of Claim 1, the u,h-subpath, Q, of Qgh must be of length 2 and the 
u,,-subpath, P2, of P,, must be of length 2 and the u,h-subpath, P2, of P,, must be 
of length 4. This implies that u3 is a neighbor of w. But then the su,-subpath, PI, 
of P,, together with the path u~,u,u-,,w,x could be shorter than P,, thereby 
contradicting the choice of P,,. Hence the claim follows. •i 
Claim 4. v1 has no neighbor in P3 U {x} where e3 is the ht-subpath of P,,. 
Proof. Since x is in the v,t-subpath of S, and x # f, it follows that c is not a 
neighbor of ul. If h is a neighbor of z.J~, we have that vl,h,w,x is a path of 
length 3 and it would close an odd on hole with one of the v,x-subpaths of the 
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even hole C3 = v,v,,S,,v,,v. Since P3 is of length 2, let y be the intermediate 
node of P3 which is adjacent to both h and t. Clearly y cannot be adjacent to v1 
since all nodes strongly adjacent to C are contained in N(v). Thus v1 has no 
neighbors in P3. Suppose now x is a neighbor of v,. Consider the path P,, = s, 
Psh,h,w,x which is of the same length as P,,. Now C,3=v2,S1,v,,S3,v3,v,v2 
is a node-minimal odd cycle with (v, v,) as the only chord. Applying Theorem 6.1 
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to Cl3 and P,, it follows that P, contains an odd number of neighbors of v,. But 
this leads to a contradiction since vi has no neighbors in P3 and x is a neighbor of 
vi. Consequently x can not be neighbor of vi and the claim follows. 0 
Let Qg,, denote the gw-subpaths of Qgh and Q, = g, Qgw, w,x. It is easily seen 
that no node in V- is strongly adjacent to Q_. Now in G*, Cz3 = u1,.S3,v3,,S2, 
u2,v,v1 is a node-minimal odd cycle with (vi, u3) is the only chord and QgX is a 
minimal path, as in Definition 6.1, connecting g E S,\{v,, u3} and x E S,\{v,, u3}. 
Note that since Cz3 is a node-minimal odd cycle and QgX is a minimal path, Claim 
3 implies that a node in V- that is strongly adjacent to Cz3 U Qgx has at most two 
neighbors in Cz3 U Qgh. By Theorem 6.1, Cz3 U QgX contains a starred wheel with 
vg as the hub and it follows that vi has an even number of neighbors in Q_. Now 
as in the proof of Case IA, in G*, Cl3 = v2,S,,u,,S3,u3,u,v2 is a 
node-minimal odd cycle with (v, vi) as the only chord and P,, is a minimal path 
connecting s E Si\{v,, v2} and t E S,\{v,, u3}. Again by Theorem 6.1 it follows 
that ui has an odd number of neighbors in P,,. By Claim 4, 2r1 has no neighbors in 
P3 U {cc}. Now consider the starred cycle e = v2, F, ,s, Psh, h, Qgh,g, F2, v2 with 
v2 as the star node. Then (c, v, vi) is an expanded cycle. Since vi has an even 
number of neighbors in Q,, an odd number of neighbors in P,, and no neighbors 
in P3 U {x}, it follows that vi has an odd number of neighbors in c. Now by 
Claim 3, every node u E V- and u $ c has at most two neighbors in e U {vl}. 
Then by Lemma 3.1 and Remark 3.2, G* and hence G contains an imperfect odd 
hole. Thus the theorem follows in this case. 
This completes the proof of Case I, i.e. when Q # $X 
Case II: & = #. 
Let F,, l$ and F3 be the svz, gv2 and th-subpaths of St, S, and S, respectively. 
Consider the starred wheel c = v2,F~,s,P,l,t,F;,h,Qgh,g,F2,v2 with v2 as the star 
node. We now have the following claim. 
Claim 5. Every node u E V-\{v} and u $ C? has at most two neighbors in 
(2 u {v,, v3). 
Proof. Suppose the claim is false. Consider a node u E V-\{v} and u $ c that has 
three or more neighbors in c U {v,, v3}. As in the proof of Claim 1, it follows 
that u must have one neighbor ui E C, one neighbor u2 E P,, and one neighbor 
uj E Qgh, see Fig. 23. Note that h may coincide with t. Fig. 23(a) shows the case in 
which h is closer than t to v3. Fig. 23(b) shows the case in which t is closer than h 
to v3. Note that for i = 1, 2, 3, ui #s or t or g or h. Now the u,h-subpath, Q, of 
Q,h must be of length 1 for otherwise & # $. Now the @-subpath must have 
length less than or equal to 3. Since G is linear, it follows that there can not be 
another node w E V-\{v}, w 4 c and w # u such that w has three or more 
neighbors in c U { vl, v3}. There are two cases to consider. 
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Case 1: u1 $ {vi, v2, vg}. 
There are three subcases to consider. 
Subcase (a): u, E Pi. 
Identical to Subcase (Ia) in the proof of Claim 1. 
Subcase (b): u E Z$. 
Identical to subcase (Ib) in the proof of Claim 1. 
Subcase (c): u1 E F3. 
Now P, h, u3, u, u1 is a path of length 3. So one of the hu,-subpaths of C3 = v, 
vI,S3,v3,v would close an imperfect odd hole with the path h,u3,u,u,. 
Case 2: u, c {v,, v2, v3}. 
Now u, # v1 for otherwise the path v1,u,u3,h is of length 3 and it would close 
an imperfect odd hole with one of the v,h-subpaths of the even hole v,v,,&, 
v3,v. Similarly u1 # v3. Then u, = v2. Now h can not be adjacent to v, or to vj 
for otherwise we would have an imperfect odd hole of length 6. Node t can not be 
adjacent to both v, and v3. Because of symmetry, we can assume without loss of 
generality, that t is not adjacent to v3. Let PI and P2 denote the su2 and 
u,t-subpaths of Psr. Since P2 is of length at most 3, t is not adjacent to v3 and u is 
not adjacent to v2, it follows that v3 can not have a neighbor in P2 U {h} for 
otherwise we would have an imperfect odd hole of length 6. Now applying 
Theorem 6.1 to Cl3 and P,, it follows that Cl3 U P,, contains a starred wheel 
(C’, vJ and P,, must contain an even number of neighbors of v3. Similarly 
applying Theorem 6.1 to C23 and Pgh it follows that C23 U Pgh contains a starred 
wheel (C, v3) and Pg, must contain an odd number of neighbors of v3. Let Q be 
gu,-subpath of Qgh. Consider the starred wheel C* = v2,F~,s,P~,u2,u,ug,Q, 
g,F2,v2 with v2 as the star node. Then (C*, v, v3) is an expanded cycle. Now 
since v3 has an even number of neighbors in P,,, an odd number of neighbors in 
Pgh and no neighbors in P2 U {h} it follows that v3 has an odd number of 
neighbors in C*. Note that as shown earlier, there can not be a node w E V-\{v}, 
w $ e and w # u such that w has three or more neighbors in C U {v,, v3} where 
C = v2,F~,s,P,,,t,F3,Qgh,grF2,v2. Consequently, since u E V- it follows that 
there can not be a node w E V-, w 4 C* such that w has three or more neighbors 
in C* U {v3}. Then by Lemma 3.1 and Remark 3.2, G* and hence G contains an 
imperfect odd hole. This completes the proof of Claim 5. Cl 
Next we prove that in this case, i.e., if & = @, N(v) is an articulation set of G, 
else G contains an imperfect odd hole. Node h (possibly h = t) can not be 
adjacent to both u1 and u3. Because of symmetry, we can assume without loss of 
generality, that h is not adjacent to ug. Now as in Case I, by Theorem 6.1 and it 
follows that v3 has an odd number of neighbors in Qgh and an even number of 
neighbors in P,,. Consider the starred cycle C = v2, F,, s, f’,,, t, F3, h, Q,,,, g, F2, 
v2 with u2 as the star node. Then (C*, v, v3) is an expanded cycle. Now if h = t, 
Qgh fl P,, = {h}, else Qgh fl Pt = @. But by assumption h is not a neighbor of v3_ 
Consequently, since v3 has an odd number of neighbors in Q,,, and an even 
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number af neighbors in P,,, it follows that 2r3 has an odd number of neighbors in 
C. Now by Claim 5 every node u E V- and u $ C has at most two neighbors in 
C U {us}. Then by Lemma 3.1 and Remark 3.2, G* and hence G contains an 
imperfect odd hole. Thus the theorem follows if Q = 4. 
This completes the proof of the theorem. 0 
10. Star cutset theorem 
We now prove the key result of our paper. 
Theorem 10.1. Let G be a linear perfect but not balanced graph. Then G contains 
a node v E V- such that N(v) is an articulation set of G. 
Proof. Since G is not balanced, it contains an odd hole. Condider a minimal odd 
hole H, see Section 5. Let A = {i E V- 1 node i is strongly adjacent to H}. Since 
G is perfect, A Z Cp. By Lemma 5.1, all nodes in A have an odd number of 
neighbors in H. Let v E A be such that v satisfies Property 5.1, i.e., TV >> u # v for 
all u e A. Consider the wheel (H, v) with n rays. Note that k 2 3 and n is an odd 
integer, Suppose u E A\(v) has neighbors in two odd numbered sectors Sj and 
Si+2 of (H, v). Then by Theorem 8.1, N(v) is an articulation set of G. Suppose 
no node in A\(v) has neighbors in two odd numbered sectors Sj and Si+z. There 
are two cases to consider. 
Case 1: A = (v}. 
By Theorem 8.3, either N(v) is an articulation set of G or there exists a 
chordless wheel (C*, v) with three rays. If no node in Vf is strongly adjacent to 
C*, by Theorem 9.3, N(v) is an articulation set of G. Suppose some nodes in Vf 
are strongly adjacent to C*. By Theorem 8.3, the neighbors of such strongly 
adjacent nodes satisfy the three conditions of Theorem 9.2 and hence N(v) is an 
articulation set of G. 
Case 2: A f {v}. 
Let t E A be such that t >> w # v for all w E A. Since t does not have neighbors 
in some two odd numbered sectors S, and Sif2, it follows that t does not have a 
neighbor in S,, j odd and j f 1, n. Let S,, k < j be the sector such that t has 
neighbors in S, but t does not have neighbors in sectors S,, i = k + 1, . . . , j - 1. 
Similarly, let S,, I> j, be the sector such that t has neighbors in S, but t does not 
have neighbors in sector S,, i = j + 1, . . . , I - 1. Note that Lemma 5.3 guarantees 
the existence of sectors S, and S, such that both k and 1 are odd. Suppose the 
sectors Sk and S,,, have the common end node vk+, and tk is the neighbor of t in 
S, closest to vk+i. Similarly, suppose SI_i and S, have the common end node v1 
and tl is the neighbor of t in S, closest to vl, see Fig. 24. Let P, be the 
&v,+,-subpath of S, and Pz be the v,t,-subpath of S,. Let Q be the v,+,v[-subpath 
of H not containing tk. Now consider the cycle H* = t,tk,P,,vkfl,Q,v,,P2,tl, 
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t. It follows that (H*, V) is a chordless wheel with at least four rays and by 
Lemma 5.4 no node in V-\{u} is strongly adjacent to H*. Now define 
A={id-1 d no e i is strongly adjacent to H*}. Clearly A = {v} and Case 1 
above applies. Hence N(v) is an articulation set of G and the theorem 
follows. 0 
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